A Direct Adaptive Control Approach in the Presence
of Model Mismatch
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This paper considers the problem of direct model reference adaptive control when the
plant-model matching conditions are violated due to abnormal changes in the plant or
incorrect knowledge of the plant’s mathematical structure. The approach consists of direct
adaptation of state feedback gains for state tracking, and simultaneous estimation of the
plant-model mismatch. Because of the mismatch, the plant can no longer track the state
of the original reference model, but may be able to track a new reference model that
still provides satisfactory performance. The reference model is updated if the estimated
plant-model mismatch exceeds a bound that is determined via robust stability and/or
performance criteria. The resulting controller is a hybrid direct-indirect adaptive controller
that offers asymptotic state tracking in the presence of plant-model mismatch as well as
parameter deviations.

I. Introduction

Adaptive control methodologies provide mechanisms that adjust a controller for a system under para-
metric, structural, and environmental uncertainties to achieve both stability and tracking. Direct model
reference adaptive control (MRAC) has been known as an effective method for state or output tracking. In
particular, the ‘state feedback-for-state-tracking (SFST)" adaptive architecture has the advantages of rela-
tively simple implementation and effective state tracking in the presence of parameter uncertainties as well
as actuator failures [1, 2, 3]. However, to ensure stability and asymptotic state tracking, the SFST control
law requires rather stringent plant-model matching conditions to be satisfied. The reference model design
is usually based on the nominal model of the plant, and incorporates the desired closed-loop performance
characteristics. Thus the nominal plant satisfies the matching conditions. In reality, however, the actual
plant parameters differ from the nominal values, because of modeling errors, uncertainties, and parameter
variation. If these differences are such that the matching conditions are still satisfied, the SFST adaptive
control law can still ensure stability and state tracking. However, in many cases, the parameter changes
may alter the mathematical structure of the systems (e.g., due to icing or damage in aircraft), and it may
no longer he possible to meet the plant-model matching conditions. Since the proofs of stability (signal
boundedness) and asymptotic tracking assume matching conditions, they are no longer valid in the presence
of mismatch. Therefore plant-model mismatch has been recognized as an important problem and has been
considered in the literature [4], [5].

If the changes in the plant are moderately small, it may still be possible to follow a slightly perturbed
reference model that has good stability and performance characteristics. If the changes in the plant are
large, it would be necessary to redesign the reference model, so that it has satisfactory performance and the
matching conditions are once again met. In any case, it is important to estimate the plant-model mismatch
while simultaneously performing control gain adaptation and maintaining stability and tracking. With this
philosophy, this paper presents a direct adaptive control method for simultaneously estimating the plant-
model mismatch while accomplishing state tracking. The resulting approach is a hybrid direct/indirect
adaptive approach wherein the reference model is updated when the estimated mismatch exceeds a pre-
determined threshold. This approach is first developed for the case without failures and then extended
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to include actuator failures. The primary purpose of the paper is to focus on theoretical aspects and to
suggest a method for systematically updating the reference model while maintaining signal boundedness and
asymptotic tracking.

The paper is organized as follows. Section II develops an adaptive control scheme for the case when there
are no faults, but unmatchable structural changes occur in the system- and input- matrices of the plant.
Section III extends the adaptive scheme to the case when multiple actuator failures can occur in addition to
unmatchable uncertainties. Simulation results are presented in Section IV to demonstrate the methods, and
Sections V and VI include some discussion and concluding remarks.

II. Adaptive Control with Model Update- No Faults
We will focus on linear time-invariant systems (plant) described bhy:
£(t) = (Ao + Sa)o(t) + (Bo + B)u(t), )

where Ap, da € R"™™ By, éb € R™™, x(t) € R", and u(f) € R™. Ay Bp represent the nominal values
of the system parameters, and da, db represent unknown parameter deviations, which are assumed to be
constant.

The control objective is to design an adaptive state feedback control signal w(t) € R™ to be applied to
all m of the actuators so that the plant’s state vector tracks the state vector of a reference model given by:

Em(t) = Apzm () + Byr(t), (2)
where x,,, € R™ is the reference model state vector, A4, € R™*"*, B,, € R™*™ andr(t) € R™ (1 < m, < m)
is a bounded reference input, chosen for some desired system behavior. The objective is to design an adaptive
control law that will ensure closed-loop signal boundedness and asymptotic tracking despite uncertainties,
e, limg oo (2(t) — x4 (2)) = 0.
The nominal system (Ag, By) and the reference model are assumed to satisfy the SFST matching condi-
tions, i.e., there exist gains K; € R™*™, Ko € R™*™r such that

Am = AO + B()KT; Bm = BOK2 (3)

The reference model is assumed to capture the desired closed-loop response of the plant. The reference model
may be designed, for example, using methods such as LQR, Hs, or H.,, based on imperfect knowledge of
the plant. The gains K1, K5 designed in this manner are used as initial estimates of the adaptive gains. For
the adaptive control scheme, only A,, and By need to be known.

In applications such as aircraft flight control, because of model errors, damage, or changes such as icing,
the actual plant, is (Ao + da, By + db), and therefore,the matching conditions may not be satisfied for any
K, K5. When the matching conditions are violated, stability (signal boundedness) and asymptotic tracking
are no longer guaranteed.

As a simple generic example, suppose

Ao — 0 1 ; B[) - 0 ; Sy 5(111 5&12 ; 5b — 5b]_ (4)
-1 -2 1 6&21 5&22 5b2
Ap = . 1 i Bm= - (5)
-3 -5 2

The perturbations dasy, dags, and ébs can be compensated perfectly (matched) by some state feedback gains
K,, K,. However, structural perturbations day;, da;s, and db; cannot be matched by state feedback control
law. Thus we can take da and 6b to be the “unmatched” uncertainties,

B o 5&11 5&12 ; S (Sbl (6)
0 0 0

Returning to the general problem, define the control law as:

UZK?I+R\r2T (7)
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where f?l, f/{\'g denote the (time-varying) estimates of Ky, K.
The closed-loop plant is given by:

:i;:

(Ap + 8a)z + (Bo + 8b) (KT + Kar)

= (Ao +da)x + Bo(KTx + Kor) + Bo(KF x + Kor) + 6b(K & + Kor)
(
(4

= (Ap+ ByK + da)x + ByKar + BO(K?;L‘ + f?zr) + 5b(f€?1; + I?;J)
T —_
m + da+ 5bK1 )C+(B1n+6bK2)I'+Bo(K1 x+ Kor) (8)

where R]_ = Kl —= Kl; RQ = Kg —= Kg.

To accommodate plant-model mismatch and parameter deviation, modify the reference model as:

dm = (Am + 00 + KT )2 + (Bm + 6bK2)r (9)
where S:z-, &b denote (time-varying) estimates of da and db.
Denote -
AA=obda+0bK, ; AB = 0bK; (10)
so that . L
Ay = A + AA; By = B, +AB (11)

which are time-varying matrices. The modified time-varying reference model is

This representation of the reference model indicates that the plant can no longer follow the original reference
model (2), but can possibly follow the perturbed reference model (12). Therefore, it will be necessary to
first ensure that the perturbed reference model has acceptable stability and performance characteristics.
Use of a time-varying reference model, which is a departure from conventional MRAC, was addressed in
[7], which employed a time-varying Lyapunov function weighting matrix (P(¢)). In the present approach,
a time-invariant Lyapunov function weighting matrix is used along with a quadratic stability argument to
ensure stability of the time-varying reference model. This can be accomplished by calculating the permissible
limits on the estimated perturbations such that the stability and performance will remain satisfactory for all
(time-varying) perturbations within these limits. Subsequently it will also be necessary to derive adaptive

laws (for updating I/(:I, Ks, g&, (ﬁ)) that guarantee that z(t) — x,,(¢), and that all signals remain bounded.

A. Stability and Performance of Perturbed Reference Model

Apr is a time-varying matrix which can be expressed as an affine function of a parameter vector p € R"r

that lies in a convex polytope S having vertices pi, j = 1,...n,. For example, Ajs can be expressed as
p
Au(P(t) = Am + Y pit)Anm, (13)
1

where Ay, are constant matrices and pi(f) € [pi, Pi), (Pi is the ith component of p). In this case S is a
hyper-rectangular region with n, = 2”» vertices. Let Aps(p) denote the value of the reference model system
matrix at vertex pi. Suppose there exist positive definite matrices P = PT, Q = QT € R™*", such that

Ay P+ PAM(P) < —Q, j=1,...n, (14)

For a given @, (14) represents a set of n, linear matrix inequalities (LMIs) in the unknown variable P. In
view of (14), the Lyapunov inequality

Au(P®)"P+PAu(P(H) < —Q, 1=1,...m,

is satisfied Vp(t) € S, and the autonomous part of the reference model (i.e., Eq. 12 with r = 0) is exponen-
tially stable ¥p(t) € & with a guaranteed minimum decay rate e Amin(PTIQ)E,
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Express p; and p; as

where 4;, 9; are known constants, and 6, <0< 8;. The problem is to obtain the maximal region S for which
(14) holds, i.e., find a positive definite symmetric matrix P that maximizes # subject to the set of LMIs in
(14).

The estimate of & obtained in this manner is usually conservative. If the parameter variations (p) are
1ate—bounded less conservative estimates can be obtained. The stability of the reference model depends only
on 5A while 6B affects the closed- loop gain; therefore, if 5B is reasonably small, the performance of the
modified reference model would be acceptable.

Alternatively, instead of just quadratic stability, an Hs or H,. performance requirement can be imposed on
the reference model dynamics, Ay, Bas. Such requirements can be formulated as linear matrix inequalities
at the vertices of a polytope in the parameter space and an estimate of the maximal region S can be
obtained, thus providing the permissible bounds on the elements of AA. The reference model is updated if
its parameters approach the polytope boundaries.

B. Adaptation Laws
Denote e = x — x,,, Egs. (8) and (9) yield
€= Aye —E(Z;I—C%U—FB()(R?;E—}—KQT) (16)

For simplicity of presentation, we shall first assume that AA remains within the quadratic stability bounds.
Subsequently in Section IIC we shall present a parameter projection algorithm to ensure that this condition
is met. We have the following result.

Theorem 1 For the system given by (1), (9), the adaptive controller (7) with gain adaptation laws

R“‘-l = —PlzrseTPBg
Ky = -T3BTPer” (17)
and parameter estimation laws
Sa = I, PexT
3;, = TpPeu’ (18)

where I'1, T2, Tq, Ty are symmetric positive definite matrices, guarantee that all closed-loop signals tncluding
adaptive gains and parameter estimates are bounded and the tracking error e(t) = x(t) — (L) goes to zero
ast — o0.

Outline of Proof- Define
T T 15— — 7T —157 T 177 - o =T 177
V=clPe+y da; T7'6a;+ Y 6b; T,6bi+ Y Kui T7'Kii+ Y Ko Tp'Ky (19)
1 3l 1 1

where the subscript i denotes the i*® column Ofg_(;,, gb, I?/l, and E; T, e Rm*", Ty e RP™*™. I € R**™, Ty €
R™*™ are positive definite and symmetric. Differentiating (19) with respect to ¢ and using (16), (14) as well
as properties of matrix trace, the following is obtained after simplification:

V = eTP[Ay — dax — dbu+ Bo(ﬁx + Kar)]
+2Tr[5a T 5a] + 2T+(3b T; 6]
TR, TG + 2[Ry T 1K) (20)

In writing the above equation, we have used the fact that f?; = E and the property:

Tr(XRXT1 =Y a«FRz;
Z
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where X € R™*™ R ¢ R™™ and z7 denotes the ith row of X. We also have:
el Pdax = ;ETE;TPe = T’I‘[;S;TPBLET}
TPy = 55 Pr= TT[(%TPeuT}
T =T =T
e" PBoK, = = Tr[Ky ze' PBy

eTPBgf?;’r = Tf'[rTI?EBEPe] = TT[ETBgPef'T}
(21)
Therefore,
. AT - 2T £
V < —eT'Qe—2Tr[ba {Pexl —T;'6a}] —2Tr[db {Peul — I‘b_l()b}]
~ 2T - 2
+2Tr[KT{ze? PBy + T K, } + 2Tv[KI{ BT PerT + 151K} (22)

The update laws for fﬂ I?;, 5&, and c%, in (17), (18) were chosen to make all terms except the first term in
the RHS of (22) equal to zero, and _
V< —elQe (23)

That is, V(T) is bounded for all T, and e(t), z(t), K1, K2, da, &b are all bounded and e(t) € L2 From (16)
and closed-loop signal boundedness we have & € L™, therefore lim; .o €(t) = 0. Because e(t) € 2N L
and x(t) € L™, Klj., ng, 5& 6b € L2 L. Tt can be verified that Klj, I/(:;j, EE, &b ¢ L, therefore

Zimtgmf’(—;(\) = 0; lzmtgwf{gj(t) = 0, [imtﬁmm = 0 [imtﬂxm = 0. That is, all signals and
estimates are bounded, and lim; . o (z(f) — z(2)) = 0. A

Remarks

e It would be necessary to use projection methods (e.g., [2, 6]) to ensure that the parameter estimates
remain within the polytope. The reference model is updated when the parameter estimates approach
the polytope boundaries. The parameter projection is addressed in the next subsection.

e For the case where only some of the elements of A and B are unmatched, the parameter estimation
laws can be simplified. For the generic example in (4), the parameters updates laws can be written as

5:&11 = E?FGPEITrEl
3512 = &I, PexTe, (24)

where g; € R™ denotes a unit vector whose ith element is unity and all other elements are zero. In
fact, the update laws in Theorem 1 can be easily modified for individual da,;’s, with individual gains

Pz'j.
e If sufficient persistent excitation is present, ga, b should converge to zero.

C. Parameter Projection

The stablhty condition in (14) requires that the reference model system matrlx AM (t) = Ap Ap +8a+ t%f?f =

Am + AA be a stable matrix for all possible parameter estimates 6a 5b and Kl From subsection A, the
stability of Aps is assured if AA remains within the bounds obtained from maximizing 6 in (15), denoted

as (@a, mb). The adaptive laws (17)—(18) generating these parameter estimates do not automatically
guarantee such a property, and they need to be re-designed with parameter projection.

To implement a parameter projection adaptive law, we need the knowledge of the ranges of the nominal
parameters to be estimated. In this case, we need to know the lower and upper bounds daf; and 5a£’j
of the components da;; of da = {da;;} € R"*", 66“ and 6bb of the components 6b;; of §b = {db;;} €

R™™ and k.. and kb

Tij of the components ky of K, = {k‘l i} € R™", such that for any da whose

1ij
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PR Sal; ;], any b whose components cﬁ)” < [dbg, ShL. ;] and any fi}l whose components
kii; € [k$; 3 k¢ U} the matrix Ayr = A, + da -+ 6bK is stable. Such lower and upper bounds are to be
used in the construction of the parameter projection ba&.ed adaptive laws. This implies that the parameter

uncertainties da and &b should stay within the parameter bounds after the adaptive laws are constructed

components SE,-J € [dad

with such bounds, in order to ensure the stahility of the adaptive laws. Since AA depends on 6a 5b and

Kl, it would be necebbary to deterrnlne the bounds [dag}, Sal 15 (003, SbL. 15 [R5 4 451, such that AA remains

within the bounds [AA;-J; ,AA@-j } Investigating appropriate methods for this mapping remains an area of
future research.

There are two expected desirable properties of parameter projection: one is to ensure 5a” € [5au,5a?j],
5bij S [5bfj,5bb} and k“j € [k?ij,kll’w} for all ¢ > 0 so that A, is stable, and the other is to maintain
the desired Lyapunov stability properties established for the case without parameter projection. For this
purpose, the adaptive laws (17)—(18) are modified as

fa = —leceTPBo + Fy
K = -T3BYPe” (25)

30 = T PexT + F,

& = TyPeuT +F, (26)
where Fi(t) = {fis5} € R™™™, Fo(t) = {faij} € R and Fy(t) = {fpij} € R™*™ are projection func-
tions with then ijth components being f;;, fai; and fpyj, respectlvely, and the corresponding adapta-
tion gain matrices are chosen to be I'y = diag{v11,712,---,7n}, e = diag{Va1:Ya2:--.:Yan} and T'y =

diag{Ve1, V62, - -»Yon}, With y13 > 0, 74 > 0 and w; > 0, for i = 1,2,...,n, while T's = 'Y > 0 with
T'y € R™*™ which can be non-diagonal, as parameter projection is not needed for K.
To specify the projection functions F(t), F,(t) and Fp(t), we denote

Gl = —Pl:EeT PBO

G, = T, Pex’

Gy, = FbpeuT (27)
with their ¢jth components being g14;, gaij and gpj, Lespectlvely, that is, G1(t) = {¢1 t:,,} € RV GL(t) =

{gaij} € ™™ and Gy(t) = {gvi;} € R™*™, and similarly, da = {50,”} &b = {6b”} and K = {Al iy
We then choose the initial parameter estimates to satisy

o~

SE’U( ) {6 1_;:’60' L b’&.?( ) [61)?‘7,(55%}, ’];123( ) Ufa k?'f.]] (28)

Lage

and set the projection function components as

( 0 if Elij(t) = (k?i_]’ 1”) or
fi(t) = a ,}i”j(t) = kfij» q145(t) 2 0, or (20)
if klij(t) - k?ij! g1 ij(t) <0,
L —g145(t) otherwise
(0 if dai;(t) € (day, daly), o
= =
fazg(t) = lf 6a1J(t) 6(1?";,, ga'tj (t) 0 or (30)
if 60”&.2' (t) - 60’1]5 Yaij (t) <0,
—gaij(t) otherwise
(0 if 53;23 (t) € (8b%, 0BL.), o
foij(t) = it 65” (t) = ab;, gbig (t) >0, or (31)
if 5623(75) = 66”, aij(t) <0,
L —gpij(t) otherwise

for the projection functions Fi (%), F,(t) and F,(¢) in the adaptive laws (25)—(26).
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This choice of Fi(t) = {fii;}, Fa(t) = {fai;} and Fy(¢t) = {fpi;} ensures that Sgij € [da U,&a i
cﬁwij € [0bg;,0b%,], and ko ij € [k, kY ;] for all t > 0 so that Aps is stable. It is verified below that the choice
of Fi(t), Fu(t) and Fy(t) (whose kth columns are denoted as fi, for and fyr, respectively) also guarantees

that s o T 7
dap Ty far <0, by Ty for <0, Kip I'y f1e <0, (32)

where 5&;, 515; and fa’k are the kth colunm of da = da — da, ob = 6b — b and fz = E — K, respectively.

To see this desired parameter projection property, we write

s LT
Sar T far =) Saiya; fain (33)
i=1
where g(:;; is the ith component of g(:; When fuik = —gaik, we have either Eczik(t) = af, and gk (t) <0,

or g;r:ik(t) = a?k and gq4k(t) > 0, and for both cases, it follows that
g‘;;;c’}’;ilfaik = —Yas (0aik — aik)gaix <0 (34)

. ; ; el
because da;r. € [dad, cﬁag’k} is the specified parameter range for da;;. Hence, we have: dar I';'f.r < 0, and

— T —T
similarly, dby T _1fbk < 0and Kig I‘_lflk < 0.
With the parameter projection functions F\(t), F, (%) and Fy(t), the adaptive laws (25)—(26) introduce the

~T
terms Y0, 5&@ | s AP S, db; Fb foiand 30, KM- Ly L (which are all non-positive as just shown)
in the time-derivative V' in (22) of the positive definite function V' defined in (19), that is, we end up with
V < —ef'Qe, (35)

so that the desired stability properties of the closed-loop system remain unchanged by parameter pI‘O_]eC‘thl’l

8aly], Sbiy € [8b%,0b%.], and K145 € [k$;;, kL 5;], to make Apr(t) = Ap + da +

et
which ensures that da;; € [daf;, s Tijs k7505

SbEK T stable as ensured by (14).

D. Reference Model Updates

The results in the previous subsections suggest an approach wherein the reference model is updated when
AA, AB exceed a predetermined threshold. This is expected to occur occasionally as discrete events.
Assuming that reference model updates occur finite number of times, the adaptive control scheme can be
implemented as follows

1. Design a reference model A,,, B, based on the initial approximate knowledge of Ay, By (denoted by
Ag, Bp), which satisfy the matching conditions (3)

2. Compute permissible limits on the elements of EAI, AB using quadratic stability or performance
criteria

3. Apply adaptive control and model update laws (7), (17), (18)

4. If any elements of AA AB apploach the limits obtained in step (2) (e.g., within 80 per cent), replace

the system parameter estimates, AD by Ag + (5(1 and Bg by BD + b (both constant) and redesign the
reference model

5 Setci;:(), S\b:OandgotOStepQ

ITI. Simultaneous Model Mismatch and Actuator Failures

In addition to model mismatch due to reasons such as modeling errors, icing, and damage, the actuators
(e.g., control surfaces in aircraft flight control) may fail during the operation. The actuator failures are
modeled in this paper as

Uj(f) = uj, t> fj, JE {jl,jg,... :jp} c {1,2,.. .,‘m} (36)
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where the failure pattern {j1, j2, ..., jp}, the failure value @; (assumed to be constant), and the failure time
of occurrence {; are all unknown. For example, an aircraft control surface may be locked at some unknown
fixed value due to hydraulics failure. Let v(t) = [v1,va, ..., vm]T € R™ be the applied (commanded) control
input vector. In the presence of actuator failures, the actual input vector u to the system can be described

as
u(t) =v(t)+o(@—o(t)= I —o)v(t)+ou (37)
where
@ = [Gy,T0,... %7
= diag{o1,00,...,0n}
o; = 11if the ith actuator fails, i.e., u; = u;

o; = 0 otherwise (38)

That is, ¢ is a diagonal matrix whose entries are piecewise step- or zero- functions of time. The components
of the applied input signal v(¢) = [vy(¢),v2(t),. .., vm(t)]T, which correspond to the failed actuators, cannot
affect the system dynamics. The actuator failures are uncertain in value, pattern and time of occurrence.
The objective of the adaptive controller is to synthesize the control signal v(t) so as to ensure the system
stability and asymptotic tracking regardless of whether (or which) actuators have failed, or the failure values.
That is, v(¢) should be capable of compensating for the failures automatically.

Direct adaptive control with actuator failures was extensively studied (e.g., [1], [2], wherein different
adaptive schemes were developed, that included state feedback for state tracking (SFST), state feedback for
output tracking (SFOT) and output feedback for output tracking (OFOT). While all these adaptive schemes
require some assumptions in the form of plant-model matching conditions, the SFST scheme requires the
most stringent matching conditions. However, the SFST scheme has the advantage of simplicity, and is
well-suited in aircraft flight control applications because the state vector measurements are usually available.
Therefore it is important to investigate SFST adaptive control that can handle actuator failures in the
presence of model mismatch.

We consider the single reference-input case, (i.e., r is a scalar) with multiple redundant similar actuators.
In this case, the columns of the By matrix are parallel to the reference model input matrix b,, € R", i.e.,
the ith column of By is:

b’.’,:bm/at: 2',:1.,’!’?’3 (39)

for some unknown «; whose sign is assumed to be known.
The adaptive control input is:

v :K;I+EQT'+E3 (40)

where K’l e R™*™ and v(¢), /Ii?g, /.1;3 € R™. It is assumed that at least one actuator remains functional.

A. Model Mismatch in System Matrix Only

‘We shall first consider the case where the system’s “B” matrix is known, i.e., b = 0, and model mismatch
occurs only in the “A” matrix. In this case, the closed-loop plant becomes

& = (Ap+da)r+ Bo(lI —o)v+ Boou
= (Ag+da+ Bo(I —0)KT)z + By(I — 0)KTz + Bo(I — 0)Kar
+B0(I*O')IA{'2?'+B0(I*O').IL'3+BD(I*J)E3+B00”E (41)

where K7 = I?l — K etc. There can be up to m— 1 actuator failures. We assume that the following matching
conditions are satisfied for the nominal plant (Ag, Bg) for some Kj, ko, and k3, and for all actuator failure
patterns (o).

A0+BU(I*O')K1:Am; BU(I*O’)K{Zme; BO(I*U)ABZBOJ‘L_{, (42)
Therefore (41) can be written as
T - 2
&= (Apm +da)x + bypr + Bo(l —o)(K1 x + kor + k) (43)
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To accommodate the plant-model mismatch, the following perturbed reference model is employed:
im = (Am + 00)Zm + bt (44)

where da denotes the estimate of a. Thus the error equation is
& = Ape — daz + Bo(I — o)(Ky =+ har + Fs) (45)

where Apr = Ay, + 3a. The following theorem presents the adaptation and parameter estimation laws that
ensure that e(t) — 0 and all signals remain bounded. As in Section IIB, we shall first assume for simplicity

of presentation that da remains within the quadratic stability limits. This will be ensured by employing
parameter projection as in section IIC.

Theorem 2 For the system given by (41), (44), the control law (40) unth gain adaptation laws

I/(; = —sgn(a;)'jzeT Pb,y, (46)
Fo = —sgn(agymsbiPer (17)
1:9; = —sgn(ay)ysibnPe (48)
for 7 =1,...,m and parameter estimation law
%6 = T,Pu (49)

where I'y; € R™*", I'y € R™™ are positive definite and symmetric, and ~o5, v3; are positive scalars,
quarantee that all closed-loop signals including adaptive gains and parameter estimates are bounded and the
tracking error e(t) = x(t) — xm(t) goes to zero as t — oo,

Outline of proof- Eq. (45) can be written as

é = AM8—5QI+Zb KT x4 kojr + ka;)

i¢Tp
= Apye—daz+bm ¥ (1/ay)(Kijz + kajr + ksy) (50)
1¢Ts
where Jp = j1, 72, ..., Jjp denotes the set of indices corresponding to the p < m — 1 failed actuators. Similar
o [2], define
n
~ ~ T ~

= el Pe + Z Tl | Ry + Bt + kvt + Y da; Ijtoa (51)

ied, -

Then

V = 2" PlAye—daz +bn{ Y (Kljw + kagr + Faj) /o]
i#T,

—T 27 ~ ot ~ l e T g
K]_j Pl_lelj + kgj’yg_jlkgj + kgj’y;jlkgj) + Z da; P;ldai

+2Z

prl J\
el T
T 2, = el Ki; TT'K
= —2TQe—2Tr[da (PexT —T;15a)] + 2 Z(K” e bm g 115 B
TR o
m T
kojelbpr  Kajva; kaj
23 (=) (52)
it T, ! !
Setting the update equations as in the theorem statement, we get
V< —e'Qe (53)
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The remainder of the proof is similar to that of Theorem 1 and the results in Ref [2]. B
Remark- To ensure that da remains within the quadratic stability bounds, parameter projection similar to
Section IIC needs to be employed.

The adaptive scheme implementation and model updates are performed as outlined in Section IID.

The more general case with unmatchable uncertainties in both A and B is considered next.

B. Model Mismatch in Both System- and Input- Matrices

When model mismatch occurs in the input matrix (in addition to the system matrix), it is not possible
to completely mitigate the effect of stuck actuators. However, it is possible to estimate the plant-model
mismatch in the system- and input- matrices as well as the uncompensated bias term.

The system equation is:

i = (Ao+8a)z+ (Bo+ 6b)u
(Ag + da)z + (B + 6b)(I — o)v + (By + 5b)odi (54)

where - _
U = Kl r+ kg?‘ + k’g = K;F.’E + ]‘627' + kg + (Kl T+ kg’!‘ + kg) (55)

Again we assume that the matching conditions (42) hold for the neminal plant (Ag, By) for up to m — 1
failures. Denoting

by = 6b(I— o)
£ = &a (56)

(which are piecewise constant) and using the matching conditions (42), (54) can be written as:
&= (Am + 60+ 6b, KT )z + (b + Sbyka)r + Bo(I — 0)[KT 2 + kar + ks] + € + by ks (57)

This plant cannot match the reference model dynamics (2). To accommodate the plant-model mismatch and
the non-compensable bias input terms (the last two terms in Eq. 57), we modify the reference model as:

Em = ApZm + bpr + €+ Sbyks (58)
where
Ay = A +da+ 86, KT
by = by + Obyks (59)

and é, (%u are estimates of £, db,. From (54) and (58), we have

é = Ape—daz — gbu(f??;r +For + .iﬂ\g)
+B(I — 0)[KTx + Foor + Fos] + & — Obuks (60)

where E: é—&; (%u = 5?)“ — by,

The following theorem presents gain adaptation and parameter estimation laws that ensure that all
signals remain bounded and that e(t) — 0 as ¢t — oo. Note, however, that the modified reference model (58),
(59) has a bias term and may not represent the ideal closed-loop dynamics, even if Ay, by are satisfactory
based on quadratic stability and/or Hy/H ., performance criteria. This is due to non-compensable mismatch
resulting from input bias, which no control law can eliminate. .

As in Section IITA, we shall first assume for simplicity of presentation that 6A remains within the
quadratic stability limits. This will be ensured by employing parameter projection as in section IIC.

Theorem 3 For the system given by (54), (58), the control law (55) unth gain adaptation laws

Ky; = —sgn(aj)l_‘lj:zeTPbm (61)
k/';; = fsgn(aj)'ygjbﬁper (62)
ks; = —sgn(az)rs;bhPe (63)
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for 3 =1,...,m and parameter estimation laws

%8 = T,Pel (64)
§by = TyPert (65)
£ = —T¢Pe (66)

where I'y; € R™*", Iy € R**™ Iy € RV, T'e € R™™™ are positive definite and symmetric, and a5, ~vs;
are positive scalars, guarantee that all closed-loop signals including adaptive gains and parameter estimates
are bounded and the tracking error e(t) = x(t) — x,,(t) goes to zero ast — oc.

Outline of proof- Eq. (60) can be written as

g = AMe—é-\CIL;E—SJbuU—%Z bj(_[?lj;-;r—[—zgj?‘—}-%gj)—{—é

i¢Jp
= Ame—dax—dbyv+bm Y (1/0) (KT + kajr + Faj) + & (67)
VENE
where J, = ji, Ja, - .., jp denotes the set of indices corresponding to the p < m — 1 failed actuators. Similar
to [2], define
B 1 o . ~ B T i
V = e'Pe+ > - (KLTG Ky + k75 + k3vt) + D da; Tg'da
JéJp |aJ ‘ i=1
m o ~ . .
+ " 8b,; Ty 6bys + £TT, 1€ (68)
i=1
Then

V= 2eTPlAye — dax — 6byv + b > (Kfjz + kajr + kaj)/az} + €]
TR
LAY, . o M e T i e
+2) " ba; Tg'0a; +2) | 8by,, T 0bus + 26T 1€
i=1 i=1

—~T — —~ — PN
= —2¢TQe —2Tr[ba (PexT —T;'0a)] — QT-r[abf(PeuT — T3 6b,)] + 267 (Pe + I '€)

m =T o oIk moT oy el
TS e il R TR S gt Ll 17 (69)

o (% @; |a

J¢Ty J¢Tp

Setting the update equations as in the theorem statement, we get
V< —el'Qe (70)

The remainder of the proof is similar to that of Theorem 2. B
Remark- To ensure that §A remains within the quadratic stability bounds, parameter projection similar to
Section IIC needs to be employed.

As stated previously, although z(t) — .,(f) as t — oc, the reference model state vector z.,,(t) may not
be satisfactory (even if A, byps are acceptable) because of the non-compensable bias term (§+ cﬁvul:;;) in
(58). If the bias term is small, the reference model may be acceptable.

The adaptive scheme implementation and model updates are performed in a manner similar to Section

IID.
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IV. Example

This section illustrates the algorithm introduced in the paper via an example. The nominal model (A,

Bg)iS
o 1| , |0
~1.5 1]’30[1]' ()

The unstable nominal model is stabilized by K; = [-3, —3]7, and the reference model is defined as the
closed-loop system:

Ag =

0 1 0
Am = Ao+ BoKT = o B = ; 72
m o+ Do 1 l _45 _9 1 m l 1 1 ( )
- 0.2 02 . o ;
Suppose the actual system matrix is Ag + da, where da = ] , and the input matrix is By (that is,

§b = 0). Since db = 0 we need to estimate only da, Ki, and Ka. Clearly the matrix Ag + da + BoK{ will
not have the same structure as A,, for any K;. The algorithm, introduced in previous sections, allows the
reference model system matrix A, —{—3-(; + 5bK T in Eq. (9) to accommodate the plant-model mismatch, and
the states of the system to track those of the reference modeL

The first step is to compute the permissible limits on dA for quadratic stability of the time-varying
reference system. This can be accomplished using an LMI formulation as descried in section ITA. The
maximum permissible variation AA = Ja in Eq. (10) was obtained as 5:1—1-1 and 5:; € [0.5465, 0.5465].
The parameter projection described in Sec IIC was not implemented in this example, and the permissible
variation threshold was arbitrarily set at 80 percent of the maximum permissible limits, i.e., [-0.4372, 0.4372].
The corresponding Lyapunov matrix P in Eq. (14) (with @ = 0, i.e., stability was the only requirement) was
obtained as

| 608.8390 167.7162
167.7162  132.6987

The gains I'y, T'e, Ty, and T in Egs. (17)and(18) were selected as 20, 20, [0.3 0; 0 0.1], and [1 0; 0 1],

respectively.

A reference input r(t) consisting of a noisy square wave superimposed on a step function was applied
(Figure 1). Figure 2 shows the tracking performance without adaptation. The tracking errors are on the

order of 0.1.

rt)

08H =

06 -

04 I I L I I L ! ! I
0 5 10 15 20 25 30 35 40 45 50

Time (s)

Figure 1. The time history of the reference input r(t)
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Reference model, actual model

o7 : : : I ‘ 7‘ referenc‘e state 1
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(a) Plant and reference model states

0.08

Actual model — reference model

006}
004l |
0.02
|
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v
|
-002F
-4}
-0.06| |

-008[ !

state 1
— — —state 2

/\[\ ,f\ #/’\\ ./\Y
J\/

25
Time (s)

50

(b) State tracking error

Figure 2. Tracking performance with no adaptation (da = [0.2 0.2; 0 0])

Next, the simulation was performed with the adaptive control law. Figure 3 shows the tracking perfor-
mance with adaptation. It can be seen that the tracking errors are much smaller (by an order of magnitude)

and remain < 1072 for ¢ > 20. Figure 4 shows the parameter estimates (%:‘1 and 5/(;;‘12. It can be seen that

Reference model, actual model with adaptive control

07 T T T T T T T T
reference state 1
— — —reference state 2
o6 e actualstate 1 [
actual state 2
0.5 4
MANN [ F f
State 03 ! \ ‘ f
; \
variables
02|
o1l
0
-0.1
-0.2
03 L
5 10 15 20 25 30 35 40 45 50
Time (s)

(a) Plant and reference model states

Actual model - reference model

tracking error 1
— — —tracking error 2

40 45 50

\ Ik

1x10’3

e(t) o ,‘
(t>20) of “

|I 'U

-05H l
-50

50

(b) State tracking error

Figure 3. Tracking performance with adaptation (§a = [0.2 0.2; 0 0])

the estimates approach within 5

per cent of the true parameter values in less than 25 seconds.

Since the

parameter estimates remained within the permissible limits, it was not necessary to update/redesign the
reference model. However, at ¢ = 25 sec, it would be desirable to redesign the reference model based on the
updated nominal model, in order to obtain a better response.
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Estimation of § a
04 T

dan
X — — ~dan
0.35F ~

asp! 10 g

oz | i
! | \ \ ‘| mﬁ \P/'\\:

~ I w e R SN

da 02 :‘f\‘ ﬂ ‘ H‘ \u' oS

015f

01 -I| g

|
0ost| .

—0.05 ! I I I I L L L I
0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 4. Estimates of da11 and da12 for da=[0.20.2; 00]

. . . 0.2 04 . .
The mismatch matrix was next increased to: da = 0 ol Figure 5 shows the parameter estimates,
which approach the true values, but at a slower rate (within 10 per cent in about 100 sec). The state
tracking error (not shown), however, approaches zero much faster., similar to the previous case. Again, the

estimates daq; and dajs remained within the permissible bounds, hence reference model redesign/update
was not necessary, although such an update would enhance the system performance.

Estimation of 5 a
04 . ; . ; . ; ——
D350 e |
03t o E
U,QS-I r’l 4
~ J.u
0211, AP
0a AR
YV
UI\ j I8!

] ¥ i

LR

-
01H ~

l
0.05 ~
0 i
day
——-fay
~0.05 . | . | 1 1 . |
1] 20 40 60 a0 100 120 140 160 180 200
Time (s)

Figure 5. Estimates of dai1 and da12 for da =[0.2 0.4; 0 0]

; 3 : 0.6 05 . ;
The mismatch matrix was next increased further to da = 0 . In this case, the parameter estimate

c);(;;l exceeded the threshold which was set at +0.4372 (80 per cent of maximum pelrmss1ble values) at

approximately 5 sec and the reference model was redesigned using Ag(new) = Ag + (50, with K, 1 Kg reset

at new values that accomplish plant-model matching. The new permissible bounds on éan, dai, were
calculated. These bounds were exceeded at approximately 12.5 sec, when the reference model was once
again redesigned. The reference input was a chirp signal, which was found to be more effective than the step
and square wave used previously, probably because of the larger magnitude of the mismatch. Figure 6 shows
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the system states and the reference model-states as well as the state tracking errors, with no adaptation,
and Figure 7 shows the results with adaptation. The state tracking performance with adaptive control is

very good.
Nonadaptive: reference model, actual model
| T T T T T I mferem:; s i Nc‘nadaphve‘: actual m‘odelfref‘emn[:e mulde\ ‘
LS — — —refel tate 2| —state
T et
----- actual siate 2 1
06l || 03p " H‘ : g
- '\‘M |;I|\I\‘:\
\\'I\E‘u"‘l|;\ “I‘u‘ll:\:l:l‘,‘
0.4 L i i |: I‘I i ‘: b, = 0.2- ‘ :l I ‘” \: ‘:WI:W‘L-I“ ' 7
o g I’lw“"ﬂ‘\‘ i I‘I""{\J hiL ‘I"“
TS L LT o oo mn LR
L e i e Wt pagipite i 01F Nl T iy -
sate o2 it o Lt LR i l Miaidi Jﬂi i
variables 1‘:‘ i |‘||I‘I | :[‘ Iy \H :[ij'\l i{ﬁ: : \H‘ | ||\\; I :l"; \9|I"I‘n“.,‘ | 'II‘I".‘-H l% i;‘?”\#i Mﬂw _/\' f\j | I \I \|: 1 1 | '||‘ : : '/‘ !\I i i
4k PR AT !'w I | | ANy N i i \..I'a‘rw'-‘" Wl
R TRl oL} T
‘AJ\/ II‘M‘M“'VL::F Wl ith I:i:‘L-L"miiﬁ'l!‘;‘!‘H'Iu’|n‘\||”‘“”w”,”,‘i‘ili”"l’mlml'w ARSI A I‘i: R
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Time (s) Time (s)
(a) Plant and reference model states (b) State tracking error
Figure 6. Tracking performance with no adaptation (da = [0.6 0.5; 0 0])
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Figure 7. Tracking performance with adaptation (éa = [0.6 0.5; 0 0])

As seen in Figure 8, the parameter estimates appear to approach their true values (relative to the most
recent plant estimate) in about 50 sec.

V. Discussion

The focus of the paper has been on theoretical aspects of how the plant-model mismatch can be es-
timated (in the presence or absence of actuator failures) and how the reference model can be changed to
accommodate the mismatch while ensuring stability and asymptotic tracking. From the limited numerical
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Estimation of § a
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Figure 8. Estimation of da;; and dajz for da = [0.6 0.5; 0 0]

results obtained, the simultaneous mismatch estimation and gain adaptation can work well for moderate
magnitudes of mismatch. The state tracking error approaches zero fairly quickly, although the mismatch
estimates approach their steady state values at a slower rate. The mismatch estimates can exhibit a large
overshoot initially, which could trigger a redesign of the reference model (because of exceeding the permis-
sible bounds). The parameter estimates approach their true values; however, based on several simulation
runs, the type, the magnitude, and the frequency content of the persistent excitation signal are important
for accomplishing convergence of the mismatch estimates to their true values. If the persistent excitation
signal is not sufliciently rich, the mismatch estimates may approach some constants that are not their true
values. Design of appropriate persistent excitation signals, that enable rapid and accurate mismatch esti-
mation without causing unacceptable disturbance in the system, remains an area of future research. In all
cases, the state tracking performance was very good and the tracking error quickly approached zero. Further
simulation studies are continuing for more realistic systems in order to assess the method and to investigate
improvements.

It would be desirable to avoid large over/undershoots in the mismatch parameter estimates, possibly
by using techniques such as sigma modification. Also, the performance of the adaptive scheme depends
significantly on the choice of the adaptation weighting parameters; therefore it would be of interest to
investigate systematic methods for selecting these parameters.

One issue that needs to be addressed is parametrization of the plant-model mismatch. It is straightforward
to uniquely parametrize the mismatch when the nominal system is in a canonical form. However, for general
system structures, the mismatch da, b would be fully populated matrices. Such a mismatch structure
would result in overparametrization. Therefore it would be desirable to investigate canonical structures of
plant-model mismatch.

The method used to ensure stability of the reference model was based on quadratic stability, which
is usually conservative. In particular, the number of (simultaneous) quadratic stability LMIs grows expo-
nentially with the number of mismatch parameters, which can result in overly conservative bounds on the
mismatch. In addition, the LMI solution and reference model redesign are performed in real time, which can
be computationally challenging.

Finally, it is desirable to investigate application of the method to realistic higher order examples with
several mismatch parameters, and in the presence of actuator failures as described in Section III.

V1. Concluding Remarks

Direct adaptive control for state tracking using state feedback has been known to be a promising technique
for control of uncertain systems. However, it requires rather stringent matching conditions on the plant and
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the reference model which may be violated due to modeling errors and plant changes such as dynamics changes
caused by damage and icing in aircraft. To address this issue, this paper presented a new adaptive control
approach for state tracking with simultaneous plant-model mismatch estimation that provides a method for
changing the reference model when the plant changes are large. In particular, when the estimated plant-
model mismatch exceeds pre-determined bounds, the reference model is redesigned so that the matching
conditions are re-established and the overall performance is satisfactory. The method was also extended
to the case with actuator failures. Results of application to an example problem indicate that accurate
mismatch estimation and satisfactory tracking performance can be obtained in the presence of plant-model
mismatch. Further investigation is in progress to evaluate and refine the method.
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